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^ ' Abstract. Determinantal and permanental processes are point pro- 

Q , cesses with a correlation function given by a determinant or a perma- 

nent. Their atoms exhibit mutual attraction of repulsion, thus these 
processes are very far from the uncorrelated situation encountered in 
. Poisson models. We establish a quasi-invariance result : we show that if 

(N ■ atoms locations are perturbed along a vector field, the resulting process 

is still a determinantal (respectively permanental) process, the law of 
which is absolutely continuous with respect to the original distribution. 
Based on this formula, following Bismut approach of Malliavin calculus, 
we then give an integration by parts formula. 



O 



- T— I 

>< 



1. Motivations 



Point processes are widely used to model various phenomena, such as ar- 
i rival times, arrangement of points in space, etc. It is thus necessary to know 

^ ' into details as large a catalog of point processes as possible. The Poisson 

. process is one example which has been widely studied for a long time. Our 

'n^ I motivation is to study point processes that generate a more complex corre- 

lation structure, such as a repulsion or attraction between points, but still 
remain simple enough so that their mathematical properties are analytically 
tractable. Determinantal and permanental point processes hopefully belong 
to this category. They were introduced in [22] in order to represent con- 
figurations of fermions and bosons. Elementary particles belong exclusively 
to one of these two classes. Fermions are particles like electrons or quarks; 
^ . they obey the Pauli exclusion principle and hence the Fermi-Dirac statis- 

tics. The other sort of particles are particles like photons which obey the 
Bose-Einstein statistics. The interested reader can find in [27] an illumi- 
nating account of the determinantal (respectively permanental) structure of 
fermions (respectively bosons) ensemble. A mathematical unified presenta- 
tion of determinantal/permanental point processes (DPPP for short) was for 
the first time, introduced in [24]. Let x be the space of locally finite, simple 
configurations on a Polish space E and K a locally trace-class operator in 
L'^{E) with a Radon measure A. For any positive, compactly supported / 
and = G X-, the a-DPPP is the measure, fJ,a,K,x, on x such that 

(1) [ e'^^'^^ dna,K,\iO = Det (l+aVl - e'f K Vl - e'^ 
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for the parameters aG2l = {2/m; mG N}U{— 1/m, , G N}, where N is the 
set of positive integers. The values a = —1 and a = 1 correspond to deter- 
minantal and permanental point processes respectively. Starting from (1), 
existence of ct-DPPP is still a challenge as explained in [26]. Actually, ex- 
istence is (not easily) proved for a = ±1 and DPPP for other values of a 
are constructed as superposition of these basic processes. DPPP recently 
regained interest because they have strong hnks with the spectral theory of 
random matrices [20, 26]: for instance, eigenvalues of matrices in the Gini- 
bre ensemble a.s. form a determinantal configuration. DPPP also appear in 
polynuclear growth [19, 18], non intersecting random walks, spanning trees, 
zero set of Gaussian analytic functions (see [17] and references there in), etc. 
Mathematically speaking, a few of their properties are known. The most 
complete references to date are, to the best of our knowledge, [17] and [24]. 
Gibbsianness of DPPP, i.e., local absolute continuity of fia,K.x with respect 
to the distribution of a Poisson process, was investigated in several papers by 
Yoo [29, 16]. The conclusion of all these studies seems to be that DPPP are 
rather hard to describe and analyze, their properties being highly dependent 
of the kernel and its eigenvalues. 

Our aim is to investigate further some of the stochastic properties of a- 
DPPP. In the spirit of [30], we are interested in the differential calculus 
associated to these processes. In [30], it is shown that a somewhat canonical 
Dirichlet form associated to DPPP is closed. We here address the problem 
within the point of view of Malliavin calculus. To date, Malliavin calculus 
for point processes has been developed namely for Poisson processes ([7, 6, 
10, 3, 23, 13]) and some of their extensions: Gibbs processes [4], marked 
processes [2], filtered Poisson processes [13], cluster processes [9] and Levy 
processes [5, 14]. There exist three approaches to construct a Malliavin 
calculus framework for point processes: one based on white noise analysis, 
one based on a difference operator and chaos decomposition and one which 
relies on quasi-invariance of the law of Poisson process with respect to some 
perturbations. This is the last track we follow here since neither the white 
noise framework nor the chaos decomposition exist so far. 

We first show that the action of a diffeomorphism of E into itself onto 
the atoms of a DPPP yields another DPPP, the law of which is absolutely 
continuous with the distribution of the original process; a property usually 
known as quasi-invariance. Then, following the lines of proof of [3, 8, 9]; 
we can derive an integration by parts formula for the differential gradient as 
usually constructed on configuration spaces. This gives another proof of the 
closability of the Dirichlet form canonically associated to a DPPP as in [30]. 

This paper is organized as follows. In part 2, we give definitions concern- 
ing point processes and a-determinantal point processes. In part 3, we prove 
the quasi-invariance for a-DPPP. Then, in Section 4, we compute the inte- 
gration by parts formula. We begin by determinantal point processes and 
then extend to a-determinantal point processes. Permanental processes are 
analyzed on the same basis. 
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2. Preliminaries 

2.1. Point processes. We remind here some properties of point processes 
we refer to [12, 21] for more details. Let be a Polish space and A a Radon 
measm'e on {E, B), the Borel cr-algebra on E. By x we denote the space of 
all locally finite configurations on E: 

X = C £^ : 1^ n A| < oo for any compact A C E}, 

where \A\ is the cardinality of a set A. Hereafter we identify a locally finite 
configuration ^, defined as a set, and the atomic measure ^^.g^ ^x. The space 
X is then endowed with the vague topology of measures and B{x) denotes the 
corresponding Borel cr-algebra. For any measurable nonnegative function / 
on E, we denote equivalently: 



We also denote by Xo = £ I a{E) |< oo} the set of all finite configu- 
rations in X and xo is equipped with the a-algebra ^(xo)- The restriction 
of a configuration ^ to a compact A C is denoted by ^a- We introduce 
the set XA = {'^ £ XjCi^X-^) = 0}- Then for any integer n, we denote by 
Xa*^ = ^ X^Ci^) = ^}) the set of all configurations in with n points in A. 
Note that we have XA = U^o X^A^ ■ 

Definition 1. A random point process is a triplet (X)'S(x))M); 'where n is a 
probability measure on {x,B{x))- 

Every measure fj, on the configuration space x can be characterized by its 
Laplace function, that is to say for any measurable non-negative function / 
on E: 

For instance, let tTq- denote the Poisson measure on (x,.S(x)) with intensity 
measure a. Then its Laplace transform is, for any measurable non-negative 
function /: 

/ e-/-^ d-K^ii) = exp f / (1 - e--^(^)) da(x-; 

Another way to describe the distribution of a point process is to give the 
probabilities P(|^Ai.| = ^k-, 1 < A; < ra) for any n and any mutually disjoints 
Borel subsets of A, Ai, • • • , A^, 1 < A; < n. For instance, the Poisson measure 
tTct with intensity measure a can be defined in this way as: 



^{\Uu\=nkA<k<n) = \{e 



-,7(A,) ^(Afc; 



But in many cases, specifying the joint distribution of the ^(-D)'s is not that 
simple. It is then easier to describe the distribution of a point process by its 
correlation functions. 
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Definition 2. A locally integrable function pn : -E" R+ is the n-point cor- 
relation function of /x if for any disjoint bounded Borel subsets Ai, • • • , 
of E and rii G N, Y^^i '^i = 



™ ic II 



/ Pn{xi, ■■■ , Xn) d\{xi) . . . d\{Xn), 

Ja^^x...xA^ 



.■^(laj-n,)! 
where denotes the expectation relatively to /i. 

For example, if m = 1 and ni = ra, the formula becomes 



L(iai-n)! 



E;. [|eA|(|a|-l).--(ia|-n + l)] 

= / Pn{xi, ■■■ , Xn) dX{xi) . . . dX{Xn). 
We recognize here the n-th factorial moment of |.^a|- In particular: 

EM[|a|]= / Pi{x) dA(x), 

J A 

i.e., pi is the mean density of particles. More generally, the function p„ has 
the following interpretation: Pnixi, ••• , Xn) dA(a;i) . . . dA(a;^) is approxi- 
mately the probability to find a particle in each one of the [xi, Xi + dX{xi)], 
i = 1, - • • ,n. A third way to define a point process proceeds via the Janossy 
densities. Denote by 7rn,A{xi, • • • , Xn) the density (assumed to exist) with 
respect to A®" of the joint distribution of {xi, • • ■ , Xn) given that there are 
n points in A. 

Definition 3. The density distributions or Janossy densities of a random 
process p. are the measurable functions j\ such that: 

j\{xi, ■■■ , Xn) = n\ p{C{A) = n) 7r„,A(a;i, • • • , Xn) for n e N, 

jim = pm) = o). 

Hence, the Janossy density j^{xi, • • • , Xn) appears as the probability den- 
sity that there are exactly n points in A located around xi, • • • , a;„, and no 
points anywhere else. For n = 0, j^{9) is the probability that there is no 
point in A. For n > 1, the Janossy densities satisfy the following properties: 

• Symmetry: 

JA (^cr(l)) ' ' ' 1 Xcr(n)) — jn,A {xi, • • • , Xn) , 

for every permutation a of {1, ■ ■ ■ ,n}. 

• Normalization constraint. For each compact A: 

+00 „ ^ 

I^A i^l^ ■■■ , Xn) dX(xi) . . . dX{Xn) = 1. 

It is clear that the PnS, j^s, p should satisfy some relationships. We will 
not dwell on that here (see the references cited above), we just mention the 
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relation between /x and j^, which is: 
(2) / / (0 dM(6 = 

+00 ^ » 

— / f{xi, ■■■ , Xn) j\ (xi, ■■■ ,Xn) dA(xi) . . . dA(x„). 

2.2. Fredholm determinants. For details on this part, we refer to [15, 25]. 

For any compact K d we denote by L^{A, A) the set of functions square 
integrable with respect to the restriction of the measure A to the set A. This 
becomes a Hilbert space when equipped with the usual norm: 

ll/lli^(A,A) = / 1/(^)1' dA(x). 
J A 

For A a compact subset of E, P\ is the projection from L'^{E) onto L^(A), 
i.e.. Pa/ = /Ia- The operators we will deal with are special cases of the 
general category of continuous maps from L'^{E, A) into itself. 

Definition 4. A map T from L'^{E) into itself is said to be an integral 
operator whenever there exists a measurable function, we still denote by T, 
such that 

Tfix) = [ T{x, y)f{y) dX{y). 
Je 

The function T is called the kernel ofT. 

Definition 5. Let T be a bounded map from L'^{E, A) into itself. The map T 
is said to be trace-class whenever for one complete orthonormal basis (CONB 
for short) {hn, n>l) of L'^{E, A), 

IjThn, hn)L2\ is finite. 

n>l 

Then, the trace ofT is defined by 

trace(T) = ^(T/i^, /i„)i2. 

n>l 

It is easily shown that the notion of trace does not depend on the choice 
of the CONB. Note that if T is trace-class then also is trace-class for any 
n > 2. 

Definition 6. Let T be a trace class operator. The Fredholm determinant 
of (I -\-T) is defined by: 

Det(I+r) = cxp [ ^ trace(T")J , 

where I stands for the identity operator. 

The practical computations of fractional power of Fredholm determinants 
involve the so-called a-determinants, which we introduce now. 



6 I. CAMILIER AND L. DECREUSEFOND 

Definition 7. For a square matrix A = {aij)^^-^^ ^ of size n x n, the a- 
determinant deta A is defined by: 

n 

deta A = «""'^"^n«-»' 

where the summation is taken over the symmetric group the set of all 
permutations of {1,2, • • • ,n} and ^'(cr) is the number of cycles in the per- 
mutation a. 

This is actually a generalization of the well-known determinant of a matrix. 
Indeed, when a = —1, det_i A is the usual determinant det A. When a = 1, 
deti ^ is the so-called permanent of A and for a = 0, deto^ = Hi ^ii- We 
can then state the following useful theorem (see [24]): 

Theorem 1. For a trace class integral operator T, if \\ oT ||< 1, we have: 
Det(I -aT)~a = V] — / deta {T{xi, Xj))i<ij<n dX{xi) . . . dX{xn). 

If a E {— l/m;m G N}, this is true without the condition \\ aT \\< 1. 

2.3. Determinantal-permanental point processes. The following set of 
hypothesis is of constant use. 

Hypothesis 1. The Polish space E is equipped with a Radon measure A. The 
map K is an Hilbert- Schmidt operator from L?'{E, A) into L'^{E, A) which 
satisfies the following conditions: 

i) K is a bounded symmetric integral operator on Lp'{E, A), with kernel 
K{., .), i.e., for any x E E, 

Kf{x)= [ K{x,y)f{y) dX{y). 

JE 

a) The spectrum of K is included [0, 1[. 

Hi) The map K is locally of trace class, i.e., for all compact A G E, the 
restriction Kf^ = Pj^KPf^ of K to L'^{A) is of trace class. 

For a real a G [—1,1] and a compact subset A d E, the map JA,a is 
defined by: 

so that we have: 

(I+oKa) (I-aJA,a) =I. 

For any compact A, the operator JA,a is also a trace class operator in 
L^(A, A). In the following theorem, we define a-DPPP with the three equiv- 
alent characterizations: in terms of their Laplace transforms, Janossy densi- 
ties and correlation functions. The theorem is also a theorem of existence, a 
problem which as said above is far from being trivial. 

Theorem 2 (See [24]). Assume Hypothesis 1 is satisfied. Let a G 21. There 
exists a unique probability measure fJ,a,K,x on the configuration space x such 



H'oc, K, A 
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that, for any nonnegative bounded measurable function f on E with compact 
support, we have: 

[ e-ff'^di,^,K,x{0 

(3) =Bet(l+aK[l-e-f] 

where K[l — is the bounded operator on L'^{E) with kernel : 

{K[l - e-f]){x, y) = Vl - exp(-/(x))K(a;, y) ^1 - exp(-/(y)). 

This m.eans that for any integer n and any {xi, • • • , Xn) € E^, the correlation 
functions of Ha, k, a CLt^^ given by: 

Pn,a, k{^1} ' ' ' ■> ^n) dct^ {K (Xj, ^j))i<j ; 

and for n = 0, po,a,K{^) = 1- For any compact A C E, the operator J a, a 
is an Hilbert- Schmidt, trace class operator, whose spectrum is included in 
[0, +oo[. For any n G N, any compact A G E, and any {xi, • • • , x„) G A" 
the n-th Janossy density is given by: 

(4) jA,a,KA i^l^ ■■■ ,Xn) = Det (I+Q;Ka)~^/" deta {JA,a{Xi, a:j))i<ij<„ • 
For n = 0, we have H ^^j^,^ (0) = Det (/ + aKxy^'"' . 

For a = —1, such a process is called a determinantal process since we 
have, for any n > 1: 

Pn-1,K{X1, - ■■ , Xn) =det{K{xi, Xj))i<ij<n. 

For a = 1, such a process is called a permanental process, since we have, for 
any n > 1: 

n 

Pn,l,K{xi,--- , Xn) = ^'[].K{Xi, X^^j^) = per{K{xi, Xj))i<ij<n. 
TreE i=l 

For any bounded function g : E ^ R+, and any integral operator T of kernel 
T{x,y), we denote by T[g] the integral operator of kernel: 

T[g]{x,y) ^ ^/^T{x,y)^f^. 

For calculations, it will be convenient to use the following lemma: 

Lemma 1 (see [24]). Let A be a compact subset of E and / : ^ — > [0, +oo), 
measurable with supp{f) G A; 

I)et(l+aKA[l-e~^]^ = Det (I +aKA)"^/" Det (l -aJA,a[e"^]) . 

By differentiation into the Laplace transform, it is possible to compute 
moments of f f for any deterministic /. We obtain, at the first order: 

Theorem 3 (see [24]). For any non-negative function f defined on E, we 
have 



E 



[ f di = [ f{x)K{x,x) dXix)=tvsce{KA[f]). 
Ja J Ja 
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It is worth mentioning how the existence of a-DPPP is established. For 
a = —1, there is a non trivial work (see [24, 26] and references therein) to 
show that the Janossy densities satisfy the positivity condition so that a 
point process with these densities does exist. For a = — 1/m, it is sufficient 
to remark from (3) that the superposition of m independent determinantal 
point processes of kernel K/m is an a-DPPP fo kernel K. The point is 
that K/m satisfies Hypothesis 1, in particular that its spectrum is strictly 
bounded by 1/m < 1, since m > 1. For a = 2, a 2-permanental point process 
is in fact a Cox process based on a Gaussian random field. We know for sure 
that there exists X a centered Gaussian random field on E such that: 



(5) Ep 



/ X^{x) dX{x) 
Ja 



for any compact A C E and 

(6) Ep[X{x)X{y)] = K{x,y) X^Xa.s., 

where P is the probability measure on the probability space supporting X. 
Then the Cox process of random intensity X'^{x) dX{x) has the same distri- 
bution as H2,K,\- Indeed, it follows from the formula: 



exp(-/(l-e-*))X^WdAM) 



Det(7 + 2(l-e~-'')X)-^/^ 



Thus, any 2/m-permanental point process is the superposition of m inde- 
pendent 2-permanental point processes with kernel K/m. 

Poisson process can be obtained formally as extreme case of 1-permanental 
process with a kernel K given by y) = Of course, this kernel is 

likely to be null almost surely with respect to A (8> A; nonetheless, it remains 
that replacing formally this expression in (3) yields the Laplace transform of 
a Poisson process of intensity A. Another way to retrieve a Poisson process 
is to let a go to in (3). With the above constructions, this means that a 
Poisson process can be viewed as an infinite superposition of determinantal 
or permanental point processes. 

Theorem 4. When a tends to 0, fJ,a,K,x converges narrowly to a Poisson 
measure of intensity K{x, x) dX{x). 

Proof. For any nonnegative /, for any n > 1, 



hence 

(7) 



< trace (^{Ka[1 - e"^])'') < trace (^Ka[1 - e"^]) , 
J exp(^- J f de) dMa,KA,A(0=Det(l+ai^A[l-e-^]) 

/ 1 +°° (--\\n-l \ 

= exp J2 «"trace((i^A[l - e"-^])") 



-l/a 



a ^ — : n 

n= 



exp (- trace(ii:A(l - e"-'^))) = j - e-^^''^)KA{x, x)dX{x). 

Thus, when a goes to 0, the measure iXa,Kt^,x tends towards a measure that 
we call Ho^Ka,)^- According to (7), Ho,Ka,x ^ Poisson process with intensity 
K\{x, x)dX{x). □ 
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3. QUASI-INVARIANCE 

In this part we show the quasi-invariance property for any a-DPPP. Let 
Diffo(-E) be the set of all diffeomorphisms from E into itself with compact 
support, i.e., for any (p £ Diffo(i5^), there exists a compact A outside which 
(f> is the identity map. For any ^ G x, we still denote by 4> the map: 

4> ■ X — >X 

For any reference measure A on E, denotes tlie image measure of A by 
4>. For 4> € DifFo(£^) whose support is included in A, we introduce the 
isometry 

$ : l2(A^,A) -^l2(A,A) 

Its inverse, which exists since (f) \s diffeomorphism, is trivially defined by 
/ o and denoted by <I>^^. Note that <I> and <I>^^ are isometrics, i.e., 

^V'2)l2(A,A) = (V'l, '^2)l^{\^^K), 

for any V'l and ^^2 belonging to L^(A, A). We also set: 

kI = $-ii^A$ and 4„ = $-Va,„$. 

Lemma 2. Let X he a Radon measure on E and K a map satisfying hypoth- 
esis 1. Let a G 21. We have the following properties. 

a) Kf^ and J^^ are continuous operators from L'^{X^,A) into L^(A^, A). 

b) is of trace class and trace(if^) = trace(ii'A). 

c) Det(I+aK^) = Det(I+aifA). 

Proof. The first point is immediate according to the definition of an image 
measure. Since is an isometry, for any (V'n, n € N) a complete orthonor- 
mal basis of L2(A,A), the family (^-^n, , G N) is a CONB of L2(A<^,A). 
Moreover, 

n>l n>l 

n>l 

= \{Ktpn, ^n)L2(A,A)| ■ 

n>l 

Hence, Kf^ is of trace class and trace(K^) = trace(i^A)- Along the same 
lines, we prove that tracc((i^^)") = trace(i^A) for any n > 2. According to 
Definition 6, the Fredholm determinant of K"^ is well defined and point c) 
follows. □ 

Theorem 5. Assume that K is a kernel operator. Then Kf^, as a map from 
L^(A(^, A) into itself is a kernel operator whose kernel is given by {{x, y) i— > 
KA{(t>~^{x),(t>~^{y)))- An analog formula also holds for the operator JA,a- 
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Proof. On the one hand, for any function /, the operator K'^ from -L^(A, A^) 
into -L^(A, A^) is given by : 

Kif{x)= [ Ki{x,z)f{z)dX^{z). 
J A 

On the other hand, using the definition = ^"^Ka^ 
Klfix) = ^-^KA^f{x) 

= [ KA{(t>-\x),y)fo<t>{y)d\{y) 
J A 

= f K Air \x),r\z))f{z)dx4z). 

J A 

The proof is thus complete. □ 

Lemma 3. Let p : E H be non negative and assume that dX = p dm 
for some other Radon measure on E. Let K satisfy Hypothesis 1. Then, we 
have the following properties: 

(1) The map K[p\ is continuous from L'^{m) into itself. 

(2) The map K[p] is locally trace class anc? trace (i^A[p]) = irace{KA)- 

(3) The measure fia.K.x is identical to the measure fJ'ct,K[p],m- 

That is to say, in some sense, we can "transfer" a part of the reference 
measure into the operator and vice-versa. 

Proof. Remember that 



K[p] (x, y) = y/p(x) K{x, y) y/piyj. 

Hence 



KA[p]fix) = Vpix) / KAix,y)^My) dXiy), 
J A 

thus 

/ |i^A[p]/|' dm= / \KAf\^ dX, 
J A J A 

and the first point follows. Consider (tpn, n G N), a GONE of -Z^^(A). Then 

y^,n G N) is a CONB of L'^{m). Furthermore, we have: 

I {KA[p]tpn, '^n)L^{dm) I = I VPV'n, Vpi^n) L^dm) \ 
n>l n>l 

= Y\{KA^n,i^n)L^\) 
n>l 

Therefore the operator Ka[p] is of trace class and 

trace(i^A[/9]) = trace (ivTA). 

Similarly we can prove that for any n > 2, we have tJ:&ce{K'j^[p\) = trace(i^jj). 
Then, using the definition of a Predholm determinant, we have: 

Det{I+aKA) = Bet{I+aKA[p]). 

The third point then follows from the characterization of P'a,K[p],m by its 
Laplace transform. □ 
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The expression detaJA,a(a^i) a;j)i<jj<^ is now denoted detQJA,a(a;i, •• • , x„ 
For any finite random configuration ^ = (xi,--- , Xn), we call JA,a{0 the 
matrix with terms {JA,aixi, Xj), 1 < i, j < n). First, remind some results 
from [3] concerning Poisson measures. For any G Diffo(-E), we define 0*7rA 
as the image of the Poisson measure ttx with intensity measure A and 
denotes the image measure of A by (f). 

Theorem 6 ([3]). For any 4> G Diffo(-E), and a Poisson measure tt\ with 
intensity A; 

That is to say, for any f nonnegative and compactly supported on E: 



(8) 



E, 



= exp ^— J 1 — e ^ dX(p^ . 



We give tlie corresponding formula for a-determinantal measures. For any 
(f) G DifFo(£'), we define 4'*lJ,a,KA,x the image of the measure fJ,a,KA,\ under 
(j). We prove below that this image measure is an a-DPPP the parameters 
of which are explicitely known. 

Theorem 7. With the notations and hypothesis introduced above. For any 
(j) G Diffo(£^), for any nonnegative function f on E, for any compact A G E, 
we have: 



(9) 



E, 



E 



-If di 



Det(/ + ai<:^[l-e-^])-V°. 



That is to say the image measure of iXa,K,\ by 4> is an a-determinantal process 
with operator K'^ and reference measure X^. 

Proof. According to Theorem 2 and Lemma 1, we have for nonnegative /: 



E 



■ff°<t> 



= Det (I+ai^A)-^/" Det (l -aJA^aie'^"'^])'^^"' 
According to Theorem 1, we get 



Det(l-aJA,a[e-^°'^]) '^'^ 

= y2~) detaJA,a{xi, ■' 



Xn)e-^^^f^'f'^'=''^^ dA(xi)... dA(Xn) 



Det I -aJ 
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Since Det {I+aK\) = Det (l+axf^ , we have: 



E 



■ffo'P 



-l/a 



E„ 



The proof is thus complete. 



□ 



For a = 2, Theorem 7 says that the image under (f) of a Cox process is still 
a Cox process of parameters Kf^ and A<^. Such a process can be constructed 
as follows: Let X be a centered Gaussian random field satisfying (5) and (6) 
and let Y{x) = Then, according to Lemma 2, we have: for any 

compact A, 



Et 



/ Y^{x) d\^{x) = trace (K' 
Ja J 



and 



Ep [Y{x)Yiy)] = K't>{x, y) = K{(j>-\x), (f>-\y)), ® A^, a.s. 
From Theorem 6, by conditioning with respect to X, we also have: 



E 



'M2, K, X 



-ff°<t> 



X 



exp(^- jil-e-f°'f')X^ dX 
J{l-e-^)Y^ dX, 



= Hip 

= Ep 
= Ep 



Thus the two approaches (fortunately) yields the same result. 

We now want to prove that /^q, k^^.a,-, is absohitely continuous with respect 
to f^a,K,x and compute the corresponding Radon-Nikodym derivative. For 
technical reasons, we need to assume that there exists a Jacobi formula (or 
change of variable formula) on the measured space {E, A). This could be 
done in full generality for E a manifold; for the sake of simplicity, we assume 
hereafter that E is a domain of some R'^. We denote by the usual 
gradient on R*^. We also introduce a new hypothesis. 

Hypothesis 2. We suppose that the measure X is absolutely continuous with 
respect to the Lebesgue measure m on E. We denote by p the Radon-Nikodym 
derivative of X with respect to m. We furthermore assume that ^/p is in 

1 2 

Hi^^{K{x, x) dm(x)), i.e., p is weakly differentiable and for any compact A 
in E, we have: 



oo > 



2 / \\V^^/p{x)fK{x, x) dm{x) 
Ja 

v^p{xY^ 



-L 

7a V p{^) J 



p{x) 
V^pix] 



-K{x, x) dm{x) 



K{x, x) dX{x). 
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Then for any (p £ Diffo(-E), is absolutely continuous with respect to A 
and 

Pf^''^ - -dXi^ - p{x) J^^^-^) 
where Jac(^)(x) is the Jacobian of (p at point x. 

Lemma 4. Assume {E, K, A) satisfy Hypothesis 1 and 2. Let {un, n > 0) 
be a sequence of nonnegative real numbers such that for any x G R, 



(10) 



n>0 



xr < +00. 



For any compact A G E, we have: 



(11) 



u 



< +00. 



As a consequence, detaJK,a{C) is t^a,KA,\ almost-surely positive. 
Proof. According to Theorem 2, we have: 

jl,a,Kj^{xi,--- , Xn) ='Det{l+aKA)~^^°'detaJA,a{xi,--- , Xn), 



hence 



E 



+ 00 



1 f 

+ 00 

Det(I+ai^A)-^/"^ ^A(A)" < +oo, 



n=0 



because A is assumed to be a Radon measure and A is compact. 



□ 



Theorem 8. Assume (E, K, A) satisfy Hypothesis 1 and 2. Then, the mea- 
sure Ha,K,\ is quasi-invariant with respect to the group Diffo(-E') and for any 
(f) G Diffo(-E'), we have then: 

That is to say that for any measurable nonnegative, compactly supported f 
on E: 



(12) 



""Ma, K, A 



E 



V-a,K,\ 



■If d£,Jln{pl) di detqJaiC) 
detaJaiO 



Proof. Since / is compactly supported and (f) belongs to Diffo(-E), there exists 
a compact A which contains both the support of / and f o (f). According to 
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Theorem 7 and Lemma 5, we have: 



E, 



= Det(l+aKl)"'^" (E^^n) 

\n=0 ' / 

= Det(I+ai^A)-^/" ^E^^^n^ 

where for any n G N, the A„ are the integrals: 

An= detaJtjxi, ■■■ , x„)e-^?=i-^(^^) dA^(xi) . . . dX^{xn) 
J A" 

„ n 

= / detaJX,(xi, ••• , x„)e-S"=i^("')rrpJ(xi) dA(xi)... dA( 

' r=i 

= / deta JA,a(a:;i, • • • , Xn)an{xi, ■■■ , Xn) dA(xi) . . . dA(x„), 



where 



(^n{xi , • • • , Xn) 



detQt7A,a(*''i) ■ ■ ■ ) Xfi) 



Hence according to (4), we can write: 

+00 



Det(I+aKA)-V"V^A„ 

n=Q 

= V — / JA,a,ii'A(^l' ■ ■ ■ ' 2;n)an(2:i, ' ' ' , Xn) dX{xi) . . . dA(x„). 
, n ™' JA" 



n=0 

Thus, we have (12) 



□ 



Should we consider Poisson process either as a 0-DPPP or as an a-DPPP 
with the singular kernel mentioned above, we see that the last fraction in 
(12) reduces to 1 and we find the well known formula of quasi-invariance for 
Poisson processes (see [3]). In the following, we define: 



detaJaiO 



Then formula (12) can be rewritten as: 



E, 



V-a, K, X 



E 



Mo, K, X 



4. Integration by parts formula 



In this section, we prove the integration by parts formula. The proof relies 
on a differentiation within (12). We thus need to put a manifold structure 
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on X- The tangent space T^x some ^ G x is given as L'^{d^), i.e., the set 
of all maps V from to R such that: 



/ 



\Vix)\^ d^x) < oo. 



Note that if ^ G xo then T^x can be identified as RI^I with the euclidean 
scalar product. 

We consider Vo{E) the set of all C°°-vector fields on E with compact 
support. For any v G Vo{E), we construct: (f)^ : E ^ E, t E where the 
curve, for any x E E 

t G R^ 

is defined as the solution to: 

|<^^(x)=^(</.^(x))and <Pl{x) = x. 

Because v G Vo(£'), there is no explosion and (t)\ is well-defined for each 
i G R. The mappings {0^ ,i G R} form a one-parameter subgroup of diffeo- 
morphisms with compact support, that is to say: 

• Vt G R,0J' G Diffo(£). 

. Vt, s G R, 4>loct>l = rt+.,. In particular, (</<J^)-i = 

• For any T > 0, there exists a compact K such that 4>f{x) = x for 
any x G K'^, for any \t\ < T. 

In the following, we fix u G Vo(-E'). For any ^ G x, we still denote by (f)^ the 
map: 

<t>t ■ X — ^ X 

Definition 8. A function F : x ^ ^ is said to be differentiable at ^ E x 
whenever for any vector field v G Vo{E), the directional derivative along the 
vector field v 



t=o 



is well defined. 



Since 0^ does not change the number of atoms of ^, if ^ belongs to xo, 
this notion of differentiability coincides with the usual one in RI^I and 

n 

VvF{xi, ■■■ ,Xn) =Y^ diF{xi, ■■■ , Xn)v{Xi), 

i=l 

if ^ = {a;i,--- , Xn}. 

In the general set of test functions is defined as is : Following the 

notations from [3], for a function F : x — ^ 1^ we say that F G J^C^{V,x) if: 
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for some N e hi, ■ ■ ■ ,hN e V = C°°{E), f G C^{K^). Then for any 
F e J^C^{V,x), given v G Vo{E), we have: 

It is then clear that the directional derivative of such F exists and that: 

V,F(e) = Il9if (^J hid^,--- ,J hN d^) j Vfhi de 

The gradient VF of a differentiable function F is defined as a map from x 
into Tx such that, for any v G Vo{E), 



I 



If ^ G xo and F is differentiable at x, then 

151 

i=l 

If ^ belongs to x, for any F G J'C;^(P, x), 

v.F(6 = E^^/ (/^' ■ ■ ■ '/ '^^) 

4.1. Determinantal point processes. In what follows, c and k are posi- 
tive constant which may vary from line to line. 

In this part, we assume a = —1 and that Hypothesis 1 and 2 hold. We 
denote by the logarithmic derivative of A, given by: for any x in E, 

/3\x) = on {p{x) > 0}, 

and P^{x) = on {p{x) = 0}. Then, for any vector field v on E with 
compact support, we denote by the following function on x- 

sy.x^'R 

C^B^{0= [ (p\x).v{x)+dw{v{x))) d^x), 
where x.y is the euclidean scalar product of x and y m. E. If A = m, 



and according to Theorem 3, 



r(e) = / diy{v{x)) d^x) 

JE 



n\B'^m]< / \diY{v{x))\K{x, x) d\{x) 

JE 

< Halloo trace (i^A) < oo, 

where A is a compact containing the support of v. As in [30], we now define 
the potential energy of a finite configuration by 

[/ : XO ^ R 

e^-logdetJ(0. 



QUASI-INVARIANCE OF DETERMINANTAL PROCESSES 17 

Hypothesis 3. The functional U is differentiable at every configuration ^ G 
Xo- Moreover, for any v G Vq{E), there exists c > such that for any ^ € Xo; 
we have 

(13) |(V£/«), 

where (u^ = cn^^'^, n > 1) satisfy (10). 

Theorem 9. Assume that the kernel J is once differentiable with continuous 
derivative. Then, Hypothesis 3 is satisfied. 

Proof. Let ^ = {xi, ■ ■ ■ , x„} G Xo and let A be a compact subset of E whose 
interior contains ^. Since J(.,.) is differentiable 

(yi,--- , Vn) I — -logdet {J{yi,yk), l<i,k<n) 

is differentiable. The chain rule formula implies that 

t ^ logdet {J{<f)Kxi), 4>tixk)), l<i,k<n) 

is differentiable and its differential is equal to 

^ -trace f Adj(J(0^(x,), c^Uxk))) ( En^)t + i^)tEt" 



detJ{cl)UO) V V dx ' dy 

where {^)t is the matrix with terms ^H^j))) (^)t 

is the matrix with terms (^^{(t>t{xi)^ ^ti^j))) ) and E^ is the diagonal 

matrix with terms iv{(f)f{xi)))^.^^. For t = 0, this reduces to 

|(VC/(0,^)L2(d0l = 

d^ trace (Adj(.(0) (^o^(^)o + (^)o^o^)) • 



miHS < mJWoo and WE^oiOWns < lei'/'ii^iioo- 



Since J is continuous and A is compact 

II — 

dy 

Hence, there exists c independent of ^ such that 

|(VC/(0, v)LHdi)\ < c|Cp^^^|trace(Adj(J(e)))|. 

From [15, page 1021], we know that for any n X n matrix A, for any x and 
y in R", we have 

\iAdiA)x.y\ < ||y|||m|--/(n-l)-("-i)/2. 

It follows that 

n 

|trace(AdjA)| = | ^(Adj ^)e^-.ej| < nP||^-^i(n - l)-^"-^)/^^ 

i=i 

where (cj, j = 1, • • • , n) is the canonical basis of R". Since J is bounded, 
||«^(OI|i?S < ICIII-^lloo, hence there exists c independent of ^ such that 

l(vc(f). ">.^«)l < 5S7(?)I«I'"'- 

The proof is thus complete. □ 
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Corollary 1. Assume that hypothesis 3 holds. For any v G Vo(E), for any 
C € XO; the function 

detJmO) 



MO 



detJ{0 



is dijferentiable and 



sup 

\t\<T 



dt 



< 



detJiO' 



where (un, n >0) satisfy (10). 

Proof. According to Hypothesis 3, the function {t ^ is differen- 

tiable and 

(14) 



dt 



For any t, (j)^ is a diffeomorphism hence, Theorem 8 applied to (j)^ and 
implies that ^^j- ^ ^ and H-i^k,\ are equivalent measure. According to 

Lemma 4, for any t, det J'^*(^) is jJL_^ ^^^-a.s. positive hence it is also 
A-a.s. positive. Since for any ^ G xo, 

is continuous, it follows that there exists a set of full H-i,k,x measure on 
which det J'^*(^) > for any \t\ < T, for any ^. Furthermore, 

dHtiO _ detJ{<PUO) dU{m)) 
dt detJ(0 dt 

In view of (14) and of Hypothesis 3, this means that 



sup 

|t|<r 



dHt{i) 



dt 



< 



detj(</)KO) m 



detJ(0 detJirtiO) 



□ 



detJ(0' 

since (C) has the number of atoms as ^. 
Lemma 5. Assume that X = m and set 

For any v £ Diffo(-B), for any configuration ^ G x, P is differentiahle with 
respect to t and we have 



dlogPt 
dt 



divv— / diYv o Tjr^t- v{rir^t) dr ) d^. 



where for any r <t, x — ^ rjr^t{x) is the diffeomorphism of E which satisfies: 
Vr,t{x) = x- f v{r]s,t{x)) ds. 

Jr 

In particular for t = 0, we have: 



(15) 




t=o 
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Moreover, there exists c > and k > such that for any ^ G XO; 



(16) 



sup 

t<T 



dt 



< ce 



Proof. Introduce, for any s < t, x i — > r]s,t{x), the diffeomorphism of E 
which satisfies: 



Vs,t{^) '"{'nr,t{x)) dr. 



As a comparison, we remind that (/>f (x) = x + Jq v{(pg{x)) ds. It is well- 
known that the diffeomorphism x i — ^ ?7o,t(aj) is the inverse of x i — >■ (f)t{x). 
Then using [28], we have: 

(17) Jac</)J'(x) = = exp ^*div o 7jr,t{x) dr) , 

and: 

TT Jac^t(x) = exp I V / div o r7r,t(a;) dr | . 
Hence, we have: 

J2 Tt '^^^ ^t{x) = ^4: [ div V o r)r,t{x) dr 

= yjdivu(x)— / diYV o 'qrt{x).v{r]rt{x)) dr. 

The first and second point follow easily. Now, v is assumed to have bounded 
derivatives of any order, hence for any C ^ Xo, 



(18) 



dlogPt 



dt 



where c does not depend neither from t nor ^. According to (17), there exists 
K > such that for any ^ G xo, we have: 

(19) |Pt(0|<exp(«|^|). 

Thus, combining (18) and (19), we get (16). □ 

We are now in position to prove the main result of this section. 

Theorem 10. Assume {E, K, A) satisfy Hypothesis 1, 2 and 3, let a = — 1. 
Let F and G belong to TC^ . For any compact A, we have: 

(20) / V.F{i)G{0 d^i.i,Kj„xiO = - I F{i)V,G{i) di,.i,Kj,AO 



Proof. In view of Lemma 3, we can replace J by J[p\ and assume A = m, 
i.e., A is the Lebesgue measure. Note that 



^r(0 = / divi;(x) di{x) 
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Let A be a fixed compact set in E, remember that XA C xo- Let M be 
an integer and — ^ XO) ICI ^ -^}- It is crucial to note that is 
invariant by any (j) G Diffo(-E). On the one hand, by dominated convergence, 
we have: 



di 



t=0 



t=0 



On the other hand, we know from (12) that 
(21) / F{cl>m)G{0 d^i.^,KM,m{0 

= / nm))Gmm<M} dM-i,if4p],m(o 

According to Corollary 1 and Lemma 5, the function {t i— > L_^^ ^^^j a^'^-'^ 
differentiable and there exists c such that: 



sup 

t<T 



l,K[p\,X 



dt 



(0 



< 



U\ 



det J{i) ' 



where {un,n > 0) satisfy (10). 

Lemma 4 implies that the right-hand-side of the last inequality is integrable 
with respect to ii-i^Ki^,\-, thus, we can differentiate inside the expectations 
in (21) and we obtain: 

f V,F(OG(Ol{|e|<M} dAi-i,KA,^(0 

= / F(o (-v,G(o + G(o (i?r(o + ^vum i{|^i<M} d/x_i,K„^(o- 

•^XA 

According to Hypothesis 3 and Lemma 4, by dominated convergence, we 
have: 



/ 

•^XA 



= [ F(0(-V,G(0 + G(0(Sr(0 + V„C/(e))) d^i.,,K,,m{0- 

•^XA 
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Now, we remark that 

V^i7[p](0 = V^logdetJ[p](e) 
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V^log l[p{x)detJ{0 



y logp(x) dC{x) + V^U{0 



p{x) 



Moreover, we have 

and in view of Theorem 3 

V^p{x 



Vp{x) 
p{x) 



-.v{x) dC(x) + V^C/(0. 



.vix) dax) = B^{0, 



E 



p{x) 



.v{x) d^{x) 



< E 



< \\v\ 



\V^p{x) 
p{x) 

trace (ICa) / 
Ja 



d^x) 



E 



|VM^)II 
p{x) 



K{x, x)p{x) dm(x). 



Then, Hypothesis 2 imphes that is integrable and we get (20) in the 
general case. □ 

4.2. a-determinantal point processes. We now prove the integration by 
parts formula for Q-determinantal point processes where a = — 1/s for s 
integer greater than 2. In principle, we could follow the previous lines of 
proof modifying the definition of U as 

t/(e) = -logdetaJa(0 

and assuming that Hypothesis 3 is still valid. Unfortunately, there is no 
(simple) analog of Theorem 9 since there is no rule to differentiate an a- 
determinant and control its derivative. 

We aheady saw that such an a-DPPP can be obtained as the superposition 
of s determinantal processes of kernel K/s. 

Let {El, Ai, Ki), • • • , {Es, Ag, Kg) be s Polish spaces each equipped with 
a Radon measure and s linear operators satisfying Hypothesis 1 on their 
respective space. We set 

E = Uf=i{i} X E„ 

that is to say E is the disjoint union of the Ei's, often denoted as Uf^-^Ei. 
An element of E is thus a couple (i, x) where x belongs to Ei for any i G 
{!,••• , s}. On the Polish space E, we put the measure A defined by 



/ /(i, x) d\{i, x) = f{i, x) dXi{a 

JE JE 
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We also define K as 

Kf{i, x)= f Ki{x, y)f{y) dXi{y). 

JEi 

A compact set in E is of the form A = Uf^^{i} x Aj where Aj is a compact 
set of Ei hence 

KAf{i, x)= f Ki{x, y)f{y) d\i{y). 

This means that K is a kernel operator the kernel of which is given by: 
(22) K{{i, x), (j, y)) = Ki{x, y)l{i=j}. 

In particular, for ^ = ((i;, xi), I = I, - ■ ■ , n), we have 

s 

det K iO = 11 detKi^j) 

where = {x, {j, x) e^}- 

It is straightforward that K is symmetric and locally of trace class. More- 
over, its spectrum is equal to the union of the spectra of the Ki's. For, if ip 
is such that Kip = atp then ip{i, .) is an eigenvector of Ki and thus a belongs 
to the spectrum of Ki. In the reverse direction, if tp is an eigenvector of K^ 
associated to the eigenvalue a then the function 

f{j, X) = llj{x)l{i=jy 

is square integrable with respect to A and is an eigenvector of K for the 
eigenvalue a. If we assume furthermore that each of the Ei's is a subset of 
R*^, we can define the gradient on E as 

V^fii. x) = V^7(i, x). 

Now xe is the set of locally finite point measures of the form 

j 

With these notations, it is clear that Hypothesis 1, 2 and 3 are satisfied 
provided they are satisfied for each index i. Thus (20) is satisfied. 

Now take Ei = . . . = Es, Xi = . . . = Xg and Ki = . . . = Kg. We introduce 
the map Q defined as: 

e : E — > El 
{i, x) I — > X. 

Consistently with earlier defined notations, we still denote by the map 

@ ■ XE — > XEi 

Then, according to what has been said above, lJ'-i/s,sKi,\i is the image 
measure of H-i^k,x by the map @. Set 

(i,x)ee 
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The reciprocal problem, interesting in its own sake and useful for the sequel, 
is to determine the conditional distribution of ^„ given Q^. 

Theorem 11. Let s be an integer strictly greater than 1, forF non-negative 
or hounded, for any A compact subset of E, 

(23) E m=j: m X (If «i) ^•^■(.->^»(e^\^);--.'^..^('') , 

where j3 = — l/(s — 1). 

Note that (23) also holds for s = 1 with the convention that j/3^o{ri) = 
for r/ 7^ and jf3^o{(li) = I, which is analog to the usual convention = 1. 

Proof. Let ^ = ^2 U . . . U ^s, we known that C is distributed as -Ki/p, Xi ■ 
Consider S, the map 

S : XEi X XEi — >■ XEi X XEi 

iVi, V2) I — ivi, m U772). 

By construction, the joint distribution of Q is the same as the distri- 

bution of (^1, 0^). For any 77 C G Xo, we set: 

""^^'^^^HnJ IZ^) 

Hence, we have 

E [F(6)G(eO] = E [(F ® G) o C)] 
°° °° 1 1 

= y"y"^T7 / F{{xi,--- ,Xj})G{{xi,--- ,Xj}yj{yi,--- ,yk}) 
X j-i,Ki^j,{xi, ■■■ , Xj) i/3,(s-i)Ki,A(yii ■■■ ,yk) dA(xi) . . . dA(yfe) 
= lZJ27rT-V\ / F{{xi,--- ,Xj}){GR){{xu--- , x,} U {yi, • • • ,yk}) 
X ia,sKi,A(a^i> • • • ,Xj,yi,--- , Vk) dA(xi) . . . dA(yfe) 

= £ — T / I -^({^1' ■ ■ ■ ' • • • ' ^j}^ {^1' • ■ • ' ^rn}) I 

X G({xi,-- - , Xm}) , x^) dA(xi)... dA(xr„) 



The proof is thus complete. □ 

This formula can be understood by looking at the extreme case of Poisson 
process. Assume that is distributed according to a Poisson process of 
intensity A dm. Then, ^1 is a Poisson process of intensity s~^\ dm and C 
also is a Poisson process of intensity (1 — s^^)A dm. The couple (^1, 0^) 
can then be constructed by random thinning of G^: Keep each point of 
independently of the others, with probability 1/s; the remaining points will 
be distributed as ^1. The conditional expectation of a functional -F(^i) given 
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0^ is then the sum of the values of F taken for each reahzation of a thinning 
multipHed by the probabiHty of each thinned configuration. Since |G^| is 
assumed to be known, the atoms of are independent and identically 
dispatched along E, hence the probability to obtain a specific configuration 
is binomially distributed of parameters and 1/s. This means that 

This corresponds to (23) for a = 0. As a consequence, (23) can be read as a 
generalization of this procedure where the points cannot be drawn indepen- 
dently and with equal probability because of the correlation structure. 
For h any map from Ei into Ei, we define by 

: E — ^E 
{i, x) I — > {i, h{x)). 

With this notation at hand, for v in Vo(Ei), {(pt)^ is the solution of the 
equations: 

d{rtni,x)=v''mni,x)), i<i<m. 

Note that we only consider a restricted set of perturbations of configurations 
in the sense that we move atoms on each "layers" without "crossing": By the 
action of {(p^)^, an atom of the form (i, x) is moved into an atom of the form 
{i, y), leaving its first coordinate untouched. 

Theorem 12. Assume that {Ei, Ki,Xi) satisfy Hypothesis 1, 2 and 3. Let 
s = — 1/q! be an integer greater than 1. For F and G cylindrical functions, 
for V € Vb(-E'i), we have: 

I VvF{u})G{lv) dlIa,sKi,A,Xii^) = - F{uj)VvG{uj) dlla,Ki,AMi^) 

•'XA JXA 

+ ^ [ Fiuj)Giu)(^{B^^ir]) + V,U{v))Riri,uj)] d^ia,sK,,AM{^). 

Proof. We first apply (20) to the process C = (Ci) " " " > Cs)- Remember that 
O.^ is equal to U . . . U ^g. A cylindrical function of is a function of the 
form: 

Hi@0 = f(Jh^ dee, ■■■ , JhN deo 

where hi, ■■■ ,hN e V = C°°{Ei), f e Cft°°(R^). Such a functional can 
be written as F o G{^) where F is a cylindrical function of ^. Moreover, for 

V e Vb(Fi), 

v„iJ(eo = lim i {H{ct>u@0 - H{eo) 

= limi(F(G(<^rr(e)-F(GO) 
(24) = V„uF(Ge). 
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In view of (22), 

s 

(25) U{0 = - log det J(6, . . . , 6) = ^ U{Cj). 

Analyzing the proof of (20), we see that the intrinsic definition of is 

B^ic) = I diY^{v) de 



25 



where 



diYx{v){x) = — 



dX 



(x) 



t=0 



In view of (24), we only need to consider flows on E associated to vector 
fields of the form for v G Vb(-Ei). Hence, 



(26) 



S,^u(0 = E^''(^^- 



It follows from the previous considerations that: 



where A'-' = Uj^j^jz} x A. Since the ^j's are independent and identically 
distributed, according to (25) and (26), we have 



E 



5,^u(0 + v„u[/(0 



rjce^ 

Thus, we obtain: 

A JXA 

F{Lu)G{u)l^{B^^iv) + VvU{ri))R{v,u;)] d^i^, sK,,aM^) ■ 



L 



\riC0J 



The proof is thus complete. 



□ 



4.3. a-permanental point processes. For permanental point processes, 
we begin with the situation where a = 1. In this case, 

ji,A'A,A({a;i, • • • , Xn}) = Dct(/ + KA)~^pei{J{xi, xj), 1 < i,j < n). 

We aim to follow the lines of proof of Theorem 10, for, we need some pre- 
hminary considerations. 

For any integer n, let D[n\ be the set of partitions of {I,-- - , n}. The 
cardinal of D[n\ is known to be the n-th Bell number (see [1]), denoted by 
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53n and which can be computed by their exponential generating function: 
for any real x, 



(27) E«n^ = ^^^-1- 

n=0 

For an n X n matrix A = {uij, 1 < i, j < n) and for r a subset of {1, • • • , n}, 
we denote by A[t] the matrix (uij, i E t, j E t). For a partition a of 
{!,••• , n}, L{a) is the number of non-empty parts of a. This means that 
a = (ti, • • • , T^((^)), where the r^'s are disjoint subsets of {1, • • • , n} whose 
union is exactly {1, • • • , n}. Then, we set 

det^[cr] = JJdet J[r,]. 

It is proved in [11, Corollary 1.7] that 

(28) perA= ^ (-l)'^+'('^) det ^[a]. 

aeD[n] 

We slightly change the definition of the potential energy of a finite configu- 
ration as 

C/ : Xo ^ R 

C ' — ' - log per J(^). 

A new hypothesis then arises: 

Hypothesis 4. The functional U is differentiable at every configuration ^ G 
Xo- Moreover, for any v G Vq{E), there exists {un, n > 1) a sequence of 
nonnegative real as in Lemma 4 such that for any ^ G Xo, we have 

(29) |(VC(9,„),,,^,|<-^. 

An analog of Theorem 9 now becomes 

Theorem 13. Assume that K is of finite rank N and that the kernel J is 
once differentiable with continuous derivative. Then, Hypothesis 4 is satis- 
fied. 

Proof. Since K is of finite rank TV there are at most N points in any con- 
figuration. It is clear from (28) that {t ^ U{(pf is differentiable. Since 
|detJ(0['r]| < c|t|I^/2| ^^ere |r| is the cardinal of r G D[\^\], we get 

|(VC/(6, '")LHd^)\ < c j^^^ l{|g|<iv}- 

Hence the result. □ 

Remark 1. The finite rank condition is rather restrictive but the sequence 
{^n^"'^^, n > 1) has not a finite exponential generating function thus we 
can't avoid it. In order to circumvent this difficulty one would have to im- 
prove known upper-bounds on permanents. 

We can then state the main result for this subsection. 
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Theorem 14. Assume that {E, K, A) satisfy Hypothesis 1, 2 and 4- Let F 
and G belong to J-C^. For any compact A, we have: 



Now then, we can work as in Subsection 4.2 and we obtain the integration 
by parts formula for a-permanental point processes. 

Corollary 2. Assume that {E\, Ki,Xi) satisfy Hypothesis 1, 2 and 4- Let 
s = 1/a be an integer greater than 1. For F and G cylindrical functions, for 
V G Vq{Ei), we have: 



VvF{u})G{uj) dfla,sKi,AM{^) = - / F{uj)VvG{u) dfla,Ki^A,M{oj) 



4.4. Consequences. We define the norm ||.||2,i on J^C^{'D,x) by: 



and we call 'E'2,1 the closure of FC'^{'D^x) for the norm ||.j|2,i- A trivial 
consequence of the previous results is that, for any a-DPPP known to exist, 
the operator V is closable and can thus be extended to X'2,1. With the same 
lines of proof we retrieve the result of ([29]), which says that the Dirichlet 
form: S{F, F) = E [(VF, VF)] is closable. 
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